Abstract. We present sufficient conditions on the coefficients to get the discreteness and simplicity of the spectrum of a quasilinear Sturm-Liouville-type problem on an infinite interval. This condition appears to be necessary and sufficient for the compact embedding of certain weighted spaces. Our result generalizes those which are known from linear theory.
Introduction
Let p > 1 be a real number and let ϕ : R → R be defined as ϕ(s) = |s| p−2 s for s = 0, ϕ(0) = 0. Let r = r
(t), c = c(t) be continuous and positive functions on [0, ∞). For x = x(t) defined on [0, ∞) denote x(∞) := lim t→∞ x(t).
In this paper we will study the eigenvalue problem (1.1) (r(t)ϕ(x (t))) + λc(t)ϕ(x(t)) = 0, t ≥ 0, x (0) = 0, x(∞) = 0, where λ ∈ R is a spectral parameter. By a solution of (1.1) we mean an absolutely continuous function x = x(t), defined on [0, ∞), such that rϕ(x ) ∈ C 1 [0, ∞), the equation in (1.1) is satisfied at every point and x (0) = x(∞) = 0. The parameter λ is called an eigenvalue of (1.1) if this problem has a nontrivial (i.e. nonzero) solution (called an eigenfunction of (1.1)).
Our main result depends on the following condition on the weight functions (coefficients in the equation) r and c: Every eigenvalue λ n , n = 1, 2, . . . , is simple in the sense that there exists a unique normalized eigenfunction x λ n associated with λ n . Moreover, the eigenfunction x λ n has precisely n−1 zeros in (0, ∞). In particular, x λ 1 does not change sign in (0, ∞). For n ≥ 3, between two consecutive zeros of x λ n−1 in (0, ∞) there is exactly one zero of x λ n .
We shall also prove that every λ n , n = 1, 2, . . . , allows a variational characterization similar to the well-known Courant-Weinstein principle. For more details see Section 4.
Condition (1.2) is thus sufficient for extending some fundamental properties of Sturm-Liouville systems to weighted quasilinear problems on an infinite interval.
The following simple examples show that without (1.2) the assertion of Theorem 1.1 need not be true.
Then evidently there is no solution of
for any λ ∈ R. Note that in this case we have
for λ < 
Hence the boundary value problem
has no solution for any λ ≤ 0, while every λ > 0 is an eigenvalue with the corresponding eigenfunction x(t). A function
c(t)ϕ(x(t))y(t)dt
holds for all y ∈ W 1,p ∞ (r) (with both integrals being finite). Let us note that if
is a weak solution of (1.1), then it is also a solution of (1.1) in the sense mentioned in Section 1. Indeed, assume that x ∈ W 1,p ∞ (r) is a weak solution; then, in particular, (2.1) holds for all y ∈ C ∞ 0 [0, ∞). Integration by parts yields
i.e., the distributional derivative of the expression in brackets is equal to zero. Hence there exists a real constant C such that In order to use compactness arguments associated with the Palais-Smale condition (see Section 4 for more details) we need the compact embedding: 
are satisfied. However, the weight functions r and c are much more general in [8] than in our situation. Namely, the continuity of r and c in [0, ∞) implies that (2.4) is always satisfied in our case.
Having the compact embedding (2.3) available, we can apply the Lagrange multiplier method to get the following assertion.
Lemma 2.1. Let us assume (1.2). Then (1.1) has the least eigenvalue λ 1 > 0 which can be characterized as follows:
where the miminum is taken over all
takes place instead of a compact one (see, e.g., Opic and Kufner [8, Theorem 1.14]). This property, however, is not sufficient to make our approach work.
On the other hand, condition (2.6) guarantees the boundedness of the spectrum from below (see, e.g., Drábek and Kufner [4, Section 1]), and this condition is satisfied in Example 1.3 and violated in Example 1.2. Let us point out that condition (2.6) was discovered by G. Talenti, G. Tomaselli, B. Muckenhoupt and others as a necessary and sufficient condition for a weighted Hardy inequality which is equivalent to the embedding (2.3). For details, see [8] .
The initial value problem
Using the generalized Prüfer transformation and making use of the generalized Elbert's sine function (see Elbert [7, p. 155] ), one can prove that there exists a unique solution of (3.1) which is extensible over the whole interval [0, ∞) (the notion of the solution is defined here as in Section 1). In this section we will emphasize some properties of this solution which will be used in the proof of our main result in Section 4. The above assertions allow us to compare zeros of solutions in finite intervals "near zero". In order to compare zeros "near infinity", we need the notion of nonoscillatory solutions. Namely, the equation in (3.1) 
is called nonoscillatory if for any nontrivial solution x = x(t) of this equation there exists T = T (x) > 0 such that x(t) = 0 for all t ∈ [T, ∞). If this is not true, the equation in (3.1) is called oscillatory.

Proposition 3.5 (see Došlý [2] or [3, Theorem 2.13]). Let
Then the equation in (3.1) with λ = 1 is nonoscillatory. Let
Then the equation in (3.1) with λ = 1 is oscillatory. Proof. The existence of ξ i , i = 1, 2, follows from Corollary 3.6; the inequality ξ 2 > ξ 1 then follows from Proposition 3.1(iii).
Corollary 3.6. Let us assume (1.2). Then the equation in (3.1) is nonoscillatory for any λ ∈ R. Let us assume that (1.2) does not hold, i.e., there is a sequence
t n → ∞ (as n → ∞) such that lim inf t n →∞ t n 0 c(τ )dτ 1/p ∞ t n r 1−p (τ )dτ 1/p > 0.
Corollary 3.8. Let us assume that (1.2) holds and let x = x(t) be a nontrivial solution of (3.1). Then x has at most a finite number of zeros in (0, ∞).
Proof. There is the largest zero ξ of x by Corollary 3.6. The assertion now follows from the compactness of the interval [0, ξ] and from the uniqueness of the solution of the initial value problem (3.1).
The eigenvalue problem
The following two assertions are consequences of the properties of the initial value problem (3.1). The first follows from the uniqueness of the solution and the homogeneity of the equation in (3.1). Let us assume (1.2) . Then every eigenvalue of (1.1) is simple, i.e., for any eigenvalue λ of (1.1) all associated eigenfunctions x λ are mutually proportional.
Lemma 4.1.
The second assertion follows directly from Corollaries 3.3, 3.4, 3.8 and from Lemma 3.7. 
Proposition 4.3. Let us assume (1.2). Then the set of all eigenvalues of (1.1) consists of isolated points in (0, ∞).
Proof. Let λ 0 be a limit point of a sequence {λ k } of eigenvalues. We can extract either a monotone increasing or a monotone decreasing (or both) subsequence converging to λ 0 . Denote it again by {λ k }. If {λ k } is monotone increasing and λ k → λ 0 , then the number of zeros of x λ k increases with k (Lemma 4.2) so x λ 0 has more zeros than any x λ k contradicting Corollary 3.8. In the case that {λ k } is a decreasing sequence, by Corollary 3.8 x λ 0 has finitely many zeros and by Lemma 4.2 the number of zeros of x λ k is a strictly decreasing sequence as k → ∞, which is impossible. So the sequence must be increasing and have the limit ∞. Define a family of sets
with h a continuous odd mapping from R k into S}. It follows easily that Note also that every set A ∈ F 1 is formed by two antipodal points from S and so for k = 1 both characterizations (4.2) and (4.3) coincide with (2.5). Secondly, we prove that λ * k = λ k for all k = 1, 2, . . . . Following literally the result of Drábek and Robinson [6, Section 3] one can prove that the eigenfunction x λ n associated with the eigenvalue λ n has at most n − 1 zeros in (0, ∞). As a consequence of this fact and Lemmas 4.1, 4.2 we obtain that λ * k = λ k for all k ∈ N and that x λ n has precisely n − 1 zeros in (0, ∞). At the same time, Lemma 4.2 implies that there are no other eigenvalues than those defined by (4.2) or (4.3).
The interlacing property of zeros of x λ n−1 and x λ n then follows from Corollary 3.3 and Lemma 3.7.
